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CHAPTER I 
Introduction 


Scheduling is the reallocation of resources over time to 
perform a collection of jobs. Specifically, it is a decision making 
function; that is, choosing the order in which a number of jobs can 
be performed, and is a body of theory; that is, including a model, 
from which the decision making function can be evaluated. Basically, 
a scheduling model includes some processors and jobs with their 
execution times and precedence order. A schedule is an arrangement 
for the jobs to be executed on the processors. A general scheduling 


model can be found in [Co, Go]. 


A number of measures [Go] have been developed to evaluate the 
effectiveness of the processor and job scheduling. One major measure 
of performance is finish time. The finish time of a schedule, denoted 
by f£, is the time by which all the jobs are completed if they are 
executed according to the schedule. The shortest finish time among 
all schedules is called the optimal finish time, denoted by £*. The 
schedule which gives the optimal finish time is called the optimal 
schedule. Other measures which are very common but not discussed 
in this thesis are mean flow time, waiting time, processor idle time, 


etc [Ba, Co, CMM]. 


Conceptually, there are two research approaches to the 
scheduling problem [CMM]. One, called the deterministic model, 
assumes that the information of the jobs is provided in advance. The 
other, called, the nondeterministic model, assumes that the inform- 


ation of the jobs is determined only at the time when they enter the 
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system. The job arrivals are intermediate and at times not known 
in advance. In both approaches, the aim is to design the optimal 
or heuristic scheduling algorithms subject to the given constraints 
of the particular problem. In this thesis, our emphasis is on 


the deterministic model. 


There is a type of deterministic scheduling problem, called 
the flow shop problem [CMM], in which more than one processor is 
involved in the execution of the jobs and each job is composed of 
tasks. In the flow shop, each job requires the same precedence 
of tasks to be carried out and each task of the jobs requires a 
different processor. Formally, a flow shop problem contains m > 2 
different processors, {Pls+e+5P J, and ne -2ediPierentujobs, 


{J ei Pach ejob has camciasneor sm different tasks... =? 


ee aa jee 
Ls the qth task’ of job Ji» whose execution time is denoted by 


be. L., Nas tobe: processedvon processor P:''and can only be 
j,i j,i S 


executed after a, . is finished. 
a ot At 
A simple example of the flow shop is shown below. 


Example. Consider a flow shop with 2 processors and 3 jobs. 


In Table I, column j and row i indicates the execution 
time of at i: Figure 1(a) shows the schedule S = (J,> Jos J.) on 


the processors, and the optimal schedule for the above problem is 


given in Figure l(b). 


Applications of the flow shop include problems in computer 
science, industry, management science, etc [Co, CMM]. For example, 


during the execution of a program in a computer system, all programs 
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(a) Schedule S with f = 10 


(b) Optimal schedule with f * = 7 


Figure 1: Two schedules of a simple flow shop 
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have to pass through the input, execution, and output phases in a 
certain order. The program can be considered as the job of the flow 
shop problem. Input, execution, and output phases are regarded as 
different tasks of the corresponding job. Furthermore, as indicated 
by Conway, Maxwell, and Miller [CMM], Johnson's solution to the 2- 
processor flow shop [Jo], is motivated by solving the problems 
arising in the assembly line processing, which is another application 


of flow shop scheduling. 


This thesis is concerned with the study of a new kind of flow 
shop problem, called J-maximal and J-minimal flow shop, which is a 
flow shop with the constraint that the Jth task in each job always 
has the longer (shorter) execution time than the other tasks. The 
J-maximal (J-minimal) flow shop is rather common and realistic. An 
obvious example of such a flow shop is an assembly line, where the 
workers or stations represent the processors, and a job may take 
longer time to execute on one processor than on the others. In 
addition, the I/O part of a program stands for the longest task of 


the J-maximal flow shop, another example of applications. 


We formally define the J-maximal and J-minimal flow shop below: 


Definition. A J-maximal (J-minimal) flow shop is one which has 


the longest (shortest) execution time on the Jth task, i.e., 
t SRE GT a Ons dee i cand “Ls SS i 
> 


nee 7 


In Chapter II, we show the J-maximal and J-minimal flow shop 


problems are NP-complete, i.e., it is very hard to find an efficient 
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optimal algorithm. In Chapter III, we study some particular cases 
and find the optimal algorithms for these cases. In Chapter IV, we 


derive the worst case bounds of the heuristic algorithms. 
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CHAPTER II 
NP-complete Problems 


In the 19th century, Hamilton [LP] considered a problem which 
is to decide whether a given graph has a path, called a Hamilton's 
circuit, that visits each node exactly once. Although the problem 
has been well studied, the best method available today are fundamentally 
no better than exhaustive tabulation; that is, a listing of all the 


possible paths. 


The nature of Hamilton's problem is different from some other 
problems, for example, finding the minimum-cost spanning tree in a 
given graph [AHU]. As far as the latter is concerned, some polynomial 


time algorithms have been found. 


Problems that are known to have polynomial time solutions, 
such as minimum-cost spanning tree, are said to be the members of 
the class P (for polynomial). Hamilton's problem is a member of 
another class, a class of 'hard' problem, designated by NP, signifying 
"nondeterministic polynomial an The class NP encompasses all the 
problems in P, or in other words P is a subset of NP, but, whether 
P = NP or P # NP is still an open problem in computer science. However, 


despite the tremendous effort expended on these ‘hard' problems, no 


1yp is the set of all decision problems solvable by a nondeterministic 
algorithm in polynomial time. Detailed discussion of an NP can be 
found in [AHU]. 
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efficient algorithms for these problems have been discovered, thus 


it is strongly believed that NP # P. 
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Cook [Ka, LP] studied the problem NP = P by looking at the 
following question: Is there any problem in NP such that if we showed 


it to be in P, then this would imply P = NP? This gives the following 


definition about NP-complete problems. 


Definition. A problem A is NP-complete provided 


(1) A ¢ NP 


(2) if Ale P, then it: anpites NP =P. 


Since the notion of NP-complete problem captures the difficulty 
of all other problems in NP, it is widely believed today that all 
the NP-complete problems are computationally intractable. A proof 
that a problem is NP-complete is usually considered as a strong 
argument for abandoning further efforts to devise an efficient 


algorithm for its solution. 


One way to prove that a problem P_ is NP-complete is to show 


1 


that Pi is in NP and each problem in NP is polynomially reducible 


Co sts 


Definition. Problem P, is polynomially reducible to problem 


Pos if problem P, can be solved by an algorithm A, having the 


Z 2 


following properties: 


(1) A, calls a subroutine A, to solve problem PL in zero 


or finite times. 


(2) Exclusive of the time spent in calling A_, algorithm 


1 


A, takes time that is polynomial in the size of the 
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input of Po: 
It is easy to see that polynomial reducibility is a transitive 
relationship. In order to prove that a problem is NP-complete, it 


is adequate to show that the problem is in NP and an NP-complete 


problem is polynomially reducible to it. 
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OMe J-maximal Case 


The J-maximal flow shop problem is considered and it is shown 
to be NP-complete in this section. In proving the NP-complete results, 


we make use of the following known NP-complete problem. 


PARTITION. A multiset S = {ajs+++,a} is said to have a 


Partiteours: there existsia /subcete,u. rot the indices ‘{1,....,n} ‘such 
n 
that ) a7 ( ) a. )/ 2) setnempartition problem [Kal]ijts that of 
ieu i 


determining for an arbitrary multiset S whether it has a partition. 


The a,'s may be assumed to be integers. 


The optimal finish time scheduling of the flow shop problem 


can be restated as: 


FOFT. Given a flow shop of m processors and n_ jobs with 
task times aie Iie gands laces <1, and day number t)does. it 
Nave va Schedule with finish time f)i< 1? 

“Theorem 1. The J-maximal FOFT, for m > 3, is NP-complete. 

Proot. Since: FORT is in@Np, {Co}, then so is the J-maximal 
FOFT. The remaining part of the proof is reducing the well-known 
NP-complete PARTITION problem to FOFT polynomially. The detail is 


presented in the following lemma and it is just sufficient to consider 


the case m = 3. 


Lemma 1. If the J-maximal FOFT with m= 3 is polynomial 


solvable, then so is PARTITION. 


Proof. We have to consider three different cases, i.e., 
1-, 2-, or 3-maximal FOFT cases. J-maximal flow shop problems 


are constructed from the partition problem S={a,,+--,a} so that for 
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each problem, there exists a schedule with a finish time less than or 


equal to the assigned time t if and only if S has a partition. 


(1) 1- and 3-maximal FOFT 


Construct the flow shop problem with n+2 jobs and m = 3 


processors as follows: 
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Peete se eet 
a 1l- or 3- maximal flow shop problem. 
fajeifues, haswaipartition, W,.then there idsi,ayschedule with 


finish time 9T/2. One such schedule is shown in Figure 2. 


(b) If S does not have a partition then all schedules must 
have a finish time longer than 9T/2. This is shown by contradiction. 
Assume that there is a schedule with a finish time shorter than or 
equal to 9T/2. We make the following observations regarding this 


schedule: 
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(i) eI is exactly the same as J Without loss 
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of generality, J is assumed to be done before 


ntl 


J +2 in the following discussion. 


Cab) 


etsy, must start before or at 3T/2, otherwise the 
finish time of the schedule, f, will exceed 9T/2 


(because sa takes 3T time units). 
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Citi) esl cannot finish by 3T, and er? must start before 


Or ates tes inwordereco naveut Soles 


Observation (ii) implies that only T/2 time units which lie 


betweens® Ly and. 3I/2 are “Ereeon Poe Let. v. be the set of, indices 


of the tasks completed on P, in the T/2 time units. As S_ has no 


dk 
partition, ) ty ie T/2-x, where x > 0. Similarly observation 

iev ? 
(iii) implies that only T/2 units which lies between 3T and 7T/2 are 
free on P: Let v' be the set of the indices of the tasks completed 


on P, invtnat 1/2 time slot. Again: 


where x' > 0. As all the other jobs whose indices are not in vU eH 
£ th 
must be executed before Deny or after eee the length of the 


schedule f must be 


a min{x,x'} + xtx' = 9T/2 + max{x,x'} > = 


(2) 2-maximal FOFT 


The flow shop problem which serves our purpose involves ntl jobs 
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and is presented as below. 


FS2 
J. eitasG = aot = 0, Ce a ee DO igen Sa Th 
Bimal nett | 2) amcomeTe a ¢ 


with 
n 
T = ) Ani br =o Lee 


FS2 is obviously a 2-maximal flow shop. If S has a 
partition, the optimal schedule is shown in Figure 3. It is also 
easy to show that the finish time of the schedule must exceed 3T/2 
if §S**does notwhave’ a partition, and the proof is\similar to the 


1- and 3-maximal flow shop problems. 
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Bio J-minimal Case 


In this section, we consider the J-minimal flow shop problem 


and. use a similar method as in section 2.2 to prove it is NP-complete. 
Enpeorems2, The J-minimalerorl tor m7 3, is NP-complete. 


Proof. The argument is very similar to the proof presented in 
Theorem 1, except that FS1 is used for proving the 2-minimal FOFT 


and FS2 is for 1- and 3-minimal FOFT. 


In the proof of NP-complete cases, the interpretation of the 
execution time ed of a task being zero is that job J; does not have 
Corvisit “3 at all. The other interpretation that the job has to 
spend an infinitesimally small amount of time on processor He has 


been recently studied and proved to be NP-complete by Achugbue and 
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CHAPTER III 
Optimal Cases 


We have shown that the J-maximal and J-minimal flow shop 
problems are NP-complete for m > 3. In this chapter we study a very 
restricted class of J-maximal flow shop problems, where the execution 
times of all other tasks in each job, except the J-maximal or J-minimal 
one, are the same. We use the notations: -, L, S and E to stand for 
the tasks with the arbitrary, longest, shortest, and equal execution 
time. (L,E,E,E,E) stands for a l-maximal flow shop with m = 5, 
and all other tasks have the same execution time except the first one 
which is the longest. (-, E,E,E,E) represents a flow shop in which 


all the other tasks except the first one have the same execution time. 
Optimal finish time algorithms are found for (-,E,...,E), and 
(eG) which arecstronpermeuan, (hE, ...4k), (S, Es cea Ee) 
SREB Oa RF ye Ce bi OOP CPM SD 2 
In Section 3.1, we first show that a very simple algorithm 


will guarantee optimal finish time for the case (E,...,E). Then all 


the other optimal cases are shown in Section 3.2. 
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ek (EB, a...) Case 


We assume that k is the index of the largest (E,...,E) 
OD a gt een im k ae A for all iand j. The following lemma gives 
>] >] 


a lower bound for the finish time of the (E,...,E) flow shop problems. 


Lemma 2. Consider the flow shop (E,...,E) with m processors, 
if ty i is the execution time for every task in the ith job and n 
> 


is the number of jobs, then 


Proof. For any schedule (Figure 4), let 
S= 1 15...,nr, the set ofall the indices of ‘the 4obs. 


S,= the set of indices of those jobs whose first tasks 


1 
are executed before Shae 
S4= the set of indices of those jobs whose last tasks are 
executed after T s 
m,k 
S,=- S- 8, US, U ik}. 
Furthermore let S. j = the set of the indices of those jobs 
3 
whose (j-l)st tasks are executed after aL k and whose jth tasks 
3 
before TI... .-. 
j,k 
m 
From the above definitions, S, =U S. ie Moreover, if 
ca 
54.4 # 0, Bre cannot be executed immediately after ee , and 
the time difference, oa between the finish time of en k > and the 
> 
Starting time of _ , must be at least as big as ) = ‘c Thus 
> > 


156. 
| 


a 


deter actif" deah wot Otek po anise ne 


ai 
Pas “date ii qo « nits ee * 


rn bwe dot H4t wd ot on eave 7 ba: 


i 2, ano eR feat 

adop odd Te eanthaiit aky [12.20 Sahat sheng iselt = > 2 

: 

atass e185 akone, ej0¢ saci: > SopkGak ‘io. rte as =,E- 7 

oe g(t Sxsted Simanaiage SY 

: Mt ah 

eth 2Waed Sanl oaaty ec e gees WS wanbend io 700 989 -. 
teh eae tomes * 

r 3 ae pee 


ado? ganda ty anaed Sink, and te Fae Sit = taf artery 
ntl si * 
ana? @3( svedy Bea rv a ithe" to Kerse silage 3 


we 


lt . tore 


re a Fi ge Bante ke 


te 6 
4 


ony OD, 


re bh ig* eb 


18 


m m 
ioe oe pa Ce ice me Gra) tte 
eS 7’ ieSy, a bsdeunies dalec 7 
As oF ie = A for Toshi sn, Sahoo nie 
da5> , Seta a: t 
5 15 es ds ae 
3,j 3,3 


and we have 


A permutation schedule [Ba] is simply a schedule with the same 
job order on all processors, i.e., a schedule that is completely 
characterized by a single permutation of the job indices l,...,n. 
Permutation schedules have the feature of not letting processors 
remain idle if there exist tasks ready for execution. Usually 
permutation schedules do not give optimal finish time with flow shop 
problem for m > 3 [Ba, CMM]. It turns out, however, permutation 
schedules are sufficient to give the optimal finish time for our 


problem. 


It is obvious to see that the permutation schedule, which is 


obtained by sorting all the jobs in the descending order according to 
n 

their execution times, can have finish time equal to ) th ‘aa (m-1)t 
i=1 3 

In the following we tend to show a more general result. 
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Lemma 3. Consider any permutation schedules, if t, . < t, : 
Sera fig decane 
ren ais) le ond ae k starts d, time units after the completion of 
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ai then there exists an J such that t, Oi Ce Fo » where 
u oe | j-1,k 


> 


a lok: 
omer Ls 
J 
Proof, Let He be the last job executed before Jy which has 
its jth task started immediately after (j-l)st task. As indicated 
in Figure 5, A and B are the total duration between J and Jy EGY, 


ara and te respectively. Thus we have 


Since.b.. Will, not, bevidtle. in~buand Ags, B becauseatediuu<at. aie 
J ra ih een baal ge 


we have 


Corollary. Consider any permutation schedules for the 

(fo..+.h) flow shop’ problem: at Jy is the largest job, then a ie is 
> 
always executed immediately after Seal k BOL ly spy, Ue 
> 

Proof. The proof is’ by contradiction. If He , Starts - 

aa > 
fame unitsratter 1, and d, > 0, by Lemma 3, J, will not be the 

j-1,k j k 

largest job. 

Lemma 4. Consider any permutation schedule for the 
(E,...,£) flow shop problem; ae is always busy after the execution of 
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Proof. The proof is by contradiction. This lemma is always 


true for Pie Assume j is the smallest index of all the processors 


which do not have the property (Figure 6), and ct is the task before 
> 
which idle time-first-occurs. As indicated in Figure 6, 


A + + B. Since this is the permutation schedule and 


t' ot iB 
grlsx j,k 
there exists no idle time in A and B, we shall have A = B and 


c. Pate ee WHACK CONErPadicts tieateace cuateo 


is the largest job. 
Delos dk rhitage 


k 
Theorem 3. All permutation schedules give optimal finish 


time for the (E,...,E) flow shop problem. 


Proof. The corollary in Lemma 3 shows that the difference d, 


between the completion time of a and the starting time of T, 


Falk j,k 
is zero. Lemma 4 states that S is busy after the execution of 
T. kK’ Since Er is busy all the time we can easily calculate the 
> 


finish time of the permutation schedule. 


m 
= 
oe Bei y Egan ) hess 
job executed j=1 job executed 
before Jy after J. 


As it is an (E,...,E) flow shop problem, we have 


which is the lower bound of f* given in Lemma 2. Thus we can conclude 


that this is the optimal algorithm. 


Ly} hei cat He 
‘eeieelans om 
otoked suet .ary oF 


my 
o@ - ut 


baleen 
vas cs : Pore - 
4 a : . r 2 : . 5 o 
int + aelone AO i | aay 
i i 
dot seegral sy Gt a sanz ana) nt a ate 


‘faced. Late tp sees a peek: De Ve 
baton guste eel Beit aoke 


b ecvgete St hd orfy coeds, Arde f sete’ ae -santibeas ‘Ser 
, o? 3 ged gat mits 50) tre | ed 30 sgt x ated Signe 
a * \ 

to catsuntas ons tas eats 8.1% Say adayee, S Soest. tiie 
sit efalonias vllene (det ce ants sti ite eal ol seein = wiht 


a. 
7 


ban olehelce vahleaniee Amid at t rad 


ou 


Figure 6: A permutation schedule for (E,.. 


and Jy is the largest job 


-,E) case 


21 


nth oer 
1) lige ~ ns 
' j 


i} 
1 awe 
1 i] i] 
Mel ia ih 8 ; 
| ' 7 wit 
Ay iae4 
| Pah ae 
f : ia" ¥ hak s 


eA ae 
i gs ti a a i i i ry 
by en Media 
! ' fj’ Lah : 
; 7 7m ; : qi 
Li i i 7 ‘ Pay ght 
i 4 ri | a) : 
U fj uy 
1 “ i, - *y 
veo 


2 at 4 —— an = 7, ' as 7 7 
Ha se fant * ie oe ~ {i hy , 7 @: : 
; mh eee — ae , : i A 
7 
i] 


ERD Roce a. @) +67 atubedon A 7A exaged ak 


a% 


+ ciiw »luboulne nafteduartsg A ‘te eedptd 


f 
} 


q 


aie Other Optimal Cases 


Instead of considering optimal schedules for cases (S,E,...,E), 
(ESE, os. 58), CE, 2. , ESL) and (h;. 2. ,EPS)P we-study the more genetal 
cases (-,E,...,E) and (E,...,E,-)./ “We show that optimal schedules can 
be found easily as long as all the tasks except the first or the last 
one in each job have the same execution time. Before the proof of 
this fact, the following lemma shows that in general we can restrict 


attention to permutation schedules only. 


Johnson [Jo] found the optimal finish time algorithm for the 


two-processor flow shop problem. An optimal permutation schedule can 


WER 


be constructed by having J_ executed before J , if min(t Ae 
u Vv Let 2508 


t ). In the proofs of the following lemmas and theorem, 


min 
Cece itty 


we make use of Johnson's algorithm. 


Lemma 5. Consider any schedule S on m _ processors for the 
(-,E,...,E) flow shop problem, we can always construct a permutation 


schedule no longer than S. 


Proof. The construction which is described below starts with 
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task sequence on Peel’ 


We show that after each step, the resultant schedule is no 
longer than the previous one. It is obviously true for the first step 


with k = m [Ba]. Now let us consider the (m- k+l1)th step, all the 


tasks of P ..,P_ have been in the same order and they are moved 
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and J. on P,,...,P which have different order on P as shown in 
Vv k m k-1 


Figure 7(a). Clearly we can advance the tasks of J, on P Pe St Ag oa) 


| See eh m 
the left just before oe and at the same time we defer the execution of 


all tasks between a and J, on Process Obviously the precendence 


constraints among tasks are not violated. 


We want to show that the finish time of the whole schedule is 


not increased after such an interchange (Figure 7(b)). 


Let us consider the last idle time on ra after the interchange 


and let ia be the task executed immediately after idle time (note 


that Th x can be the first task on oe Je We want to show by contradiction 
> 
that i - will be executed immediately after eT m for k<j<m. Assume 
> 3 
pe starts d. time units after T, is finished. By Lemma 3, there 
j>x j j-1,x 
exists a task T. which starts immediately after T. and t, > 
iy j-l,y af Dome 
ao +d,. From Figure 7(b), we have 
j>X a 
(Wh, 2 he ae rik = = 8 
’ 2¥ 


Where A and B are the time duration as indicated in Figure 7(b). 


Since ee is not idle in A+ . and the tasks executed on a 


in B, we have 


in At a will be the same as those executed on P41 
B>Atd,. Thus we can conclude that t. xy which contradicts that ee 
oi J > . 

Now let us consider the first task, qT. as which executes 

bd 

immediately after ties Since 4 oe stays the same as before the 
interchange and all the tasks which are executed after J, on 
P P are scheduled optimally as shown in Theorem 3. So, we 
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have shown that the finish time is not increased after the interchange 


Thus, we conclude that there is a permutation schedule in which 


finish time is not longer than that of schedule S. 


Lemma 6. Let S be a (-E,...,E) flow shop permutation schedule 


for a set of jobs J “oJ: Let Jy be executed just before i in 


ee: 


me Ge min(t, att ) < min(t 


eS ye ), the schedule formed by 
by > 


pha PP 
interchanging the order in which us and J are executed is no longer 


thanys. 


Proof. The condition for interchange is exactly Johnson's 
condition for optimizing the finish time on two processors, thus, 


interchanging ue and J, according to the above condition guarantees 
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that the finish time on P, will not be increased. However, in order to 


2 


prove the lemma, we have to show that the finish time of the other 


processors will not be increased too. 


Suppose Ty and qT, are the first jobs in the schedule and let a 


and fi be the finish time on Ee 2<j<m, before and after the interchange. 
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When TT and Ty are not theetirer two jops an tie schedule, Wt 


can be shown that Sis after such an interchange. 


We have only to consider the case when there is no idle time 


between T, i" and ee Ms for some j between 3 and m, and show that 
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5 still holds (Figures 8(c) and 8(d)). After the interchange, let 
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If £=j, we have f,>f'. Assume 2#j, then we must have t, >t 
a ate PLP ged a 
(Figure 8(c)) and we can conclude that Pee Thus, the lemma 


is proved. 


The following theorem shows that by applying Johnson's condition 
on the first two processors, the optimal sequence for the (-,E,...,E) 


flow shop schedule will be achieved. 


Theorem 4. As for the (-,E,...,E) flow shop problem, the 
permutation schedule which has the same sequence as the optimal 
sequence for the first two processors is also the optimal finish time 


schedule for the problem. 


Proof. Let S be an optimal finish time schedule for the problem. 
From Lemma 5 we can assume, without loss of generality, that all tasks 


on each processor are executed in the same order. 


If there are two adjacent jobs in schedule S that violate 
Johnson's condition, by Lemma 6, we can interchange them without in- 
creasing the finish time of the new schedule. Since Johnson's condition 
is transitive, a partial order on the jobs can be obtained. Thus, we 
can tranform schedule S to a desired schedule that satisfies Johnson's 


condition and has the same finish time as schedule S. 


Corollary. The optimal permutation schedule for the lms, so he Es) 


flow shop problem can be found in O(nlogn) time, where n is the 


number of jobs. 


Proof. The algorithm for finding the optimal permutation is 


exactly sorting, which takes O(nlogn) time. 
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(a) Juand Jv are the first two jobs. 
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Figure 8: Four possibilities of executing J before 


2g 


30 


(b) Ju and Jv are the first two jobs. 
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(c) Jv and Ju are not the first two jobs. 
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(d) Ju and Jv are not the first two jobs. 
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Theorem 5. The optimal permutation schedule for the (E,...,E,-) 
flow shop problem, which has the same optimal job sequence as the 
last two processors, can be found in O(nlogn) time, where n is the 


number of jobs. 


Proof. The proof is similar to Theorem 4 and its corollary. 
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CHAPTER IV 
Bounds of Arbitrary Permutation Schedules 


In Chapter II we showed the NP-completeness for the J- 
maximal and J-minimal flow shop problems. Only in very special 
situations, however, can optimal algorithms be found efficiently 
for these problems. In this chapter, therefore, we investigate the 
bounds of the arbitrary permutation schedules for these NP-complete 
problems. In what follows, permutation schedules are assumed in 


all cases. 


It is a well known fact that the permutation schedule for the 
general flow shop problems can have a bound of f/f* as bad as m [GS]. 
However, we have derived better bounds of f£/f* for the l1-maximal and 
l-minimal problems. The J-maximal and J-minimal problems with J not 
equal to 1 can be solved similarly and are not considered. Special 


attention has also been paid to the problem with m= 3. 
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4.1 Bound for the 1-minimal Case 


In this section we prove the tight bound for the 1-minimal 
case. First we introduce a process called right-shift. All the 
tasks on PoseeesP are shifted to the right as little as possible in 
order to eliminate the interior idle times in all the processors. 
Figure 9 shows the schedule after right-shift. Mo represents the 


starting time of the first task in processor P, after right-shift. 


i 
Lemma 7. After the tasks in a 1-minimal flow shop are right- 


shifted, P, always starts no later than max {it,)_} time units after 


1<i<n 1,1 


Z 
the beginning of Pie 
Proof. We can make use of the result in Lemma 3 to prove this 


lemma. Consider Sa j in Lemma 3 as the second task in this lemma 
> 


and ZT. , as the first; in addition, the last job becomes the first and 


> 


the first’ becomes ‘the last. > Then it’ is’ obvious’ that a + Ca k 
>) 


becomes the difference between the start times of Po and Pos rt 


i 


follows directly from Lemma 3 that the time difference is no more than 


max {t, a: 
1<i<n ie 


We shall make use of the previous lemma to prove the following 


theorems. 


Theorem 6. For the 1-minimal flow shop with m = 2, f/f* < 3/2 
and the bound is the best possible. 


n 
Proof. From Lemma 7, 6, < max {t, .}, and as f* > ) ad 
= oer i a 
i<isn 1= 
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l<i<n 2 


a | maaeleany 28 CRE a 34902 oso 


ese™eyserg sf: fhe Sb seat? sfhi 2 


mt 7 
ans ietowdanget 5 e283) ayioesae *“ssste 
78 ai 


. °) ei - 2aeet  1320 75 =? Wet sot>9: ey iam 


al 


sdyt- ts aah? 467) a a 


Ts5%7a < otf i wt!) et nets 
7 asi! 


4 
d 


: - ‘ % - ee 
ad sada Seoasd vests Es 6 aes az 2 
© : 


tes tard) ed: etiwted €5)3e0f 27) joei7 Elin we iieete adt ee, 
set wet ase ld 


ita* 
os 
fits * 


36 


The worst case is illustrated in the following example. 


Example. Let the schedule have two jobs, Jy and J5, 


q 
ct 
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jn 
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The heuristic and optimal schedules are shown in Figures 


10(a) and 10(b) respectively and the ratio £/f* = 3/(2+e) > 3/2 ase > 0. 
Lemma 8. For the 1-minimal flow shop with m = 3, f/f* < 2. 


Proof. With reference to Figure 1l(a), after right-shifted, 
let £' be the new finish time of this modified schedule, obviously 


f' > £3; but it is still sufficient if we can show that f* 25, + d.. 


Let tk = cor cahc and from Lemma 7, we have S5 ana? grt Now let 


us consider the following cases: 


(1) Tk does not start immediately after To Ok 
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units between T, and T.. Since 
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Figure 9: Right-shifted schedule 


a bad schedule (b) an optimal schedule 


Figure 10: 1l-minimal flow shop for m=2, 
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obviously f* is Jo 2S d,. So we can assume ee 


starts before T 35 and finishes after T In this 


ou 
case if we further assume that T, k starts atrcer Ty 
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the total execution time of the tasks executed 


before T (i.e., between tT 
Shea's 


than T and so 


9 and T,) must be longer 


i=l 


Therefore, we can only consider the case when 


Divic Starts before T° As a consequence oe must start 
immediately after T, kK’ Thus we have (Figure 11(b)) 

> 
£* > +t ae fe +3t 


and because of the property of l1-minimality of the 
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Theorem 7. For the 1-minimal flow shop with m > 3, .. £/f*<m-1 


and the bound is the best possible. 


Proof. Let f., be the finish time of P33 we then have 


f = f., + (f-f£,). By Lemma 8, f, < 2£* and so 
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Thus we have f/f* < m-1. 


The bound is seen to be the best possible by considering the 


following example with m-1l jobs. 


Example. Let es ae for fat. |) # i+L and t, = 1, where 
> 


at. 
1< i<m-l. The schedule in Figure 12(a) gives f = (m-1)(1+e) and 
the one in Figure 12(b) gives f* = 1+ (2m-3)e. Thus f/f* > m-1 
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(a) abad schedule 


->| (m-1)é _ 
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(b) an optimal schedule 


Figure 12: 1-minimal flow shop for m>3,f/f* = m-1 
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Wee Bound for the 1-maximal Case 


As for the 1l-maximal flow shop problem, the bound for the 
arbitrary permutation schedule is rather difficult to derive. We 
show in Lemma 9 that the bound is always less than 1/2 + Vm. However, 
the worst example we can construct has the bound 1/2(1+1/m) (1+logm) 


or O(logm). 


Lemma 9. For the 1-maximal flow shop problem, we have 


£/£* < 1/2 + vm. 


Proof. It is easy to see that for any schedule there always 
exists a chain of tasks starting from the first task to the last task 
such that there is no idle time or overlap between two adjacent tasks. 
For example, as the schedule given in Figure 13(a), Ta T3 T3 
To 2? T3029 ti? fase ECVE Neale Lol Tew ropa is such a chain. 

Let L. and k, be the total execution time and the number of 
tasks for the ith job in the chain. Since the flow shop is 1l-maximal, 


the first task of the ith job takes at least he - L,/k, time units. 


Obviously we have 


n n n 
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with the constraint that ) (k,-1) =m-l. 


i=1 
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We claim that r is maximal when ) Me 


&. = & for all i (see Appendix A). 
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m-1l, we have n(n-1) = m-l. 


we obtain n = r=(1+ V4m-3)/2 < 1/2 + Vn. 
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Solving the equation 


Consider the following example for 1-maximal flow shop with 


m = 9 where 
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@) otherwise 
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0 otherwise 


3 forje=l 


0 otherwise 


The worst and optimal schedules are given as in Figure 13, 


and they give the ratio f/f* = 21/9. By consid 


ering just Jos Ja; 


and J, in the example, we will derive the worst ratio 1.875 for 


4 


m=4, and, similarly, Jy and Ji, gives 1.5 for m 


worst example can be constructed recursively. 


ratio o1 -£/f£* for 


m processors. We can write 


= 2. Basically, the 


Let F(m) be the worst 
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(a) a bad schedule, f = 21 


(b) an optimal schedule, f* = 9 


Figure 13: l-maximal flow shop for m=9, 


£/£* = 21/9 
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F(9) = (8F(4) + 6)/9 = 21/9 
F(4) = (3F(2) + 3)/4 = 1.875 
Fi yee (CR) 2/285 
FU )c=.1- 


We conjecture that the worst example for different m is constructed 
recursively by the similar technique, and F(m) will give the worst 
ratio of f/f£* for the 1l-maximal flow shop problem. Thus we can deduce 


from the above example the general formula of F(m) given as 


F(m) = max {[(m-1)F(k) + m-k+1]/m} 
l<k<m 


If, instead of finding the maximum k for F(m), we choose 


k = m/2, then we have the following inequality for F(m). 


Dams Bene 
F(m) > (1 - 9FG@) +545 
Assume that m = 2”: we have (Appendix B) 


F (m) >= (1 4+ *~)(1 ainene 


We can conclude that for the 1-maximal flow shop, the worst 


ratio of f/f* can be as bad as O(logm). 
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4.3 Bounds for m = 3 Case 


As we have demonstrated that a nice bound of worst ratio f/f* 
for the J-maximal flow shop problem is rather difficult to derive, 
in the following we try to concentrate on the approximate solution 


FOLeEMs=" Be 


Lemma 10. For m = 3 any schedule for 1-maximal flow shop 


has thepproperty, thatci-f*"<_¢ nee 


3,8 Dea for some Jb and Jue 


Proof. Consider the schedule as given in Figure 14. Let ue 


be the lastagob~such“that T executes immediately after T and 


3,8 2,8 


let d., be the time duration between the finish time of T, e and the 
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As it is l-maximal, from Lemma 3, there exists a a such that 
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Theorem 8. For m = 3 any schedule for the 1l-maximal and 


3-maximal flow shop problems gives f/f* < 5/3 and the bound is the 


46 


“ ia 4 a) | Lu | rc = 4 
t Panett eines 
_* tes =». 61 ned 7) wS\rig es stn 


bow og? sete yloteteannt taaupaes:. 
aly ae, {7 te sake Patt aris ee. rae tt Yo 8 


iy 


A Gt esote outs, vite ind & ite 460 aye. Rem ‘eh ite , | 
| oe - pee leat | 


2e0t3 awe he \eTRiie geasts 


{$} 


: 7 a A 
7 ra a r ; 
i | (hae is 
a " ee cen 


best possible. 


Proof. The proofs for the 1-maximal and 3-maximal flow shop 


problems are so similar that only the 1l-maximal flow shop problem is 
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The following example with its schedules given in Figure 15 


shows that this bound is the best possible. 


Example. Let the flow shop have two jobs. They are 
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The heuristic and optimal schedules are illustrated in Figures 


15(a) and (b) respectively, and the ratio f/f* > 5/3 is achieved. 
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Theorem 9. For m = 3, any schedule for the 2-maximal 


flow shop problem gives f/f* < 2, and the bound is the best possible. 


Proof. Consider any schedule, and after the tasks are right- 
shifted (see Figure 1l(a)), let f' be the new finish time of this 
modified schedule. Obviously f' > f. Referring to Figure 1l(a), 
Lemma 7 shows that there exists Cie such that Sih cee y and Lemma 3 


shows that there also exists t such that t rad 
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The example which can achieve this bound as closely as possible 


is shown below. 


Example. Assume flow shop has two jobs as follows: 


The optimal schedule and worst schedule are shown in Figure 16. 
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Figure 14: A schedule for l1-maxmimal flow 


shop with m=3 


(a) a bad schedule (b) an optimal schedule 


Figure 15: l-maximal flow shop for m=3, 


£/£*+5/3 


(a) a bad schedule (b) an optimal schedule 


Figure 16: 2-maximal flow shop for m=3, 


£/£*>2 
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CHAPTER V 
Conclusion 


Much effort has been devoted to the flow shop problem because 
of its importance, but the problem remains intrinsically difficult 


when the number of processors, m is greater than 2. 


In this thesis, we have studied a rather practical flow shop. 
We have shown that J-maximal and J-minimal flow shop problems for 
m > 2 are still NP-complete. Efficient optimal algorithms can only 
be found for some particular cases when J = 1 or m, and all other 
tasks in the same job are equal. Bounds for the worst cases of 
arbitrary permutation schedules are derived. We have a tight bound of 
m-1 for the J-minimal flow shop with m > 3 and a tight bound of 3/2 
for m = 2. For the J-maximal flow shop problem, we have shown that 
the bound is less than O(m) and greater than O(logm) for the 1l-maximal 
flow shop with m > 3. We also find the tight bound for m = 3. The 


tight bound for the 1l-maximal flow shop problem is still unsolved. 


For further research, the following problems are suggested. 

C1) As far as NP-complete cases and optimal algorithms 
are concerned, it is interesting to study some more 
particular cases. For example, assume (L,M,S) represents 
a l-maximal flow shop with m = 3 and the third task of 
the job is the smallest, it would be iatereewine to 
analyze this problem and other similar cases. 

(2) For the J-maximal flow shop, the tight bounds for 


arbitrary permutation schedules are needed. 
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(3) 


(4) 


SL 


Other heuristic algorithms, like Johnson's algorithn, 
can be used to improve the bounds shown in Chapter IV. 
Other performance measures, for example, mean flow 
time, can be used to study the J-maximal and J-minimal 


flow shop. 
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Appendix A 


Lemma Al, If r is maximal then } 2, = k,£, for all i. 
i=1 s 
Preoot;,. vecwk, 2) = maxtk &.} and ko) = minik. 2 re it As8-then the 
—_—_— <x ; ivi vay A 5 ha is 
: : . F 
equivalent of proving Ades ca o Le > kh and the proof is by 
contradiction. First we must observe the fact that no matter whether 
n 
) Son Kk 2) ispused for rin’ Equation  @), ail ther ks should be 
i=l i xox if 


greater than 1, otherwise r will not be maximal. 


tos 


Let us assume kf > has then r from Equation (1) can be 


written as 


nh 

f= d+ ('") kK 2,)/ 2) 
i=l 
i#x 


and r can be increased by decreasing Le 


n 
Simibardy, if kik > ) Las we can also argue that r can be 
i=] 


increased by increasing oe Thus it contradicts r being maximal. 
Lemma A2. k, = k and hs =e bor cases 


Proof. Lemma Al shows that kik, mit LOL atbeis* Chis itis 
sufficient if we can prove that all the k, are the same. The proof is 


by contradiction. If k. # re k, and S can be modified such that 


n n 
. Le (i.e., £*) is decreased while keeping f = ) kk, = MC, isl. 
i=1 i=l 


ot as '=k,' = 2 2 os =e . 
r is increased. Let ki is (k,+ k)/2, and he i 2c/(k, K5) 
‘ to! ' re 
Obviously, kike + kh 2c, and di ~ ae 4c/(k,+ K,) < c/k, + e/k, 


=f + eae Thus we have proved our lemma. 
af 


ae 2 7a * 
Since (k,-k,) > 0, we have (eines) hosts > O and Bk OC EAE te Nay 


1/k;+ 1/k, 2 
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Appendix B 


Lemisntuen(2 yi > (2 ya) 2) 


Proot., whe) proof./is! by anductionyonie. Yori. = 0,08 CL) = 1 


and i= 1, F(2) = 1.5. 


| Vv 


As (k+1)2. 


lemma. 


Ci= oe RO) es 5+ Ds 


i 
2 


Nl N|F 


NlR 


k 


(1 


(@ 


(1 


(1 


is 


Assume it is true for i = k, then 


iol 


ig aay Cem sy ee eae 
42h 2 Yat +e 42787) 4 St 
Pee a Ge He ob) = > k Pap) ae ha 


+ ee + 2)e+ eal = (eri) Sis) 


always less than or equal to 1, we have proved the 
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